
119

JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER

Vol. 11, No. 1, January– March 1997

Technical Notes
TECHNICAL NOTES are short manuscripts describing new developments or important results of a preliminary nature. These Notes cannot exceed
6 manuscript pages and 3 � gures; a page of text may be substituted for a � gure and vice versa. After informal review by the editors, they may
be published within a few months of the date of receipt. Style requirements are the same as for regular contributions (see inside back cover).

Laminar Film Condensation
on a Thin Finite Thickness Plate

F. Méndez,* G. Becerra,† and C. Treviño‡
Universidad Nacional Autonoma de Mexico,

04510 Mexico D.F., Mexico

I. Introduction

T HE phenomena of laminar � lm condensation on vertical
surfaces, taking into account nonisothermal conditions,

has been analyzed in the past by numerous investigators.1– 6 In
particular, Patankar and Sparrow1 solved the problem of con-
densation on an extended surface by considering the heat con-
duction in a � n coupled with the condensation process. Sub-
sequently, it was shown by Wilkins2 that an explicit analytical
solution is possible for the formulation of Patankar and Spar-
row.1 Sarma and Chary3 studied the condensation process on
a vertical plate � n of variable thickness. Coupling the govern-
ing equations of the vertical � n and the condensed phase, the
effect of the � n geometry on the condensation heat transfer
has been analyzed and the in� uence of this interaction is very
important. Brouwers4 performed an analysis of the condensa-
tion of a pure saturated vapor on a cooled channel plate, in-
cluding the interaction between the cooling liquid, the con-
densate, and the vapor. He obtained in closed form the solution
of the governing equations. Treviño and Méndez5 studied the
transient conjugate condensation process on one side of a ver-
tical plate, caused by a uniform cooling rate on the other sur-
face of the plate, including the � nite thermal inertia. Their
main results indicated that the condensed layer thickness ev-
olution is almost insensitive to the longitudinal heat conduction
effects through the plate for a thermally thin plate. Recently,
Méndez and Trevi o6 analyzed the � lm condensation processñ
of a saturated vapor in contact with one side of a vertical plate,
caused by a forced � ow on the other side of the plate.

In this Note, we consider the � lm condensation process of
a saturated vapor at temperature Ts, on one lateral surface of
a vertical � at plate caused by an imposed uniform temperature
T0 < Ts on the other lateral surface of the plate. The effects of
both longitudinal and transversal heat conduction in the plate
are considered. This condensation process can be characterized
mainly by two nondimensional parameters: a and «. Parameter
a represents the competition between the heat conducted lon-
gitudinally through the plate to the heat � ux carried out into
the plate from the condensed phase. « is the aspect ratio of the
plate (thickness-to-length ratio), assumed to be very small
compared with unity. In this Note we developed an asymptotic
analysis for large values of a compared with unity.
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II. Problem Formulation
A thin vertical plate of length L and thickness h is placed

upright in a stagnant atmosphere � lled with saturated vapor
with Ts. Its upper right corner coincides with the origin of a
Cartesian coordinate system whose y axis points in the normal
direction to the plate, while the x axis points down in the
plate’s longitudinal direction, that is, in the direction of gravity
g. An adiabatic wall with the same thickness h, is assumed
above the leading edge and below the trailing edge. A uniform
temperature T0 < Ts on the left lateral surface of the plate is
imposed, generating a convective heat � ux from the saturated
vapor and creating a thin condensed � lm falling because of
gravity on the right lateral surface of the plate. The condensed
layer develops with increasing thickness downstream. The den-
sity of the condensed � uid rc is assumed to be constant and
much larger than the vapor density. The solid-condensed � lm
governing equations have been derived elsewhere6 and can be
written as

2 2 4­ u 1 ­ u dDw w
1 = 0, = u (x, z = 1) (1)w2 2 2­x « ­z dx

with the boundary and initial conditions

­uw
= 0, u (x, 0) = 1wU­x x =0,1

(2)
2­u « uw w

= 2 , D(0) = 0U­z a Dz=1

The last equation in Eq. (1) was deduced using the classical
assumptions.7– 9 Here, x = x/L, z = (y 1 h)/h, uw = (Ts 2 Tw)/
(Ts 2 T0) (with Tw representing the temperature in the solid),
and , where dc represents the thickness of the1/4 1/4D = d g /(L Ja )c

condensed layer. The parameters a, «, g, and Ja are de� ned
as

1/4
3l h Ja h gL 4c DTw c

a = , « = , g = and Ja = (3)S D 2l L g L n h Prc c fg c

Parameter a relates the competition between the heat con-
ducted longitudinally by the plate to the heat convected to the
condensed-vapor � uid. For a >> 1, the heat conducted by the
plate is very large. Thus, no temperature gradients of impor-
tance arise in the plate. In this limit the nondimensional trans-
versal gradients of the wall temperature are very small, of or-
der «2/a. This limit is called the thermally thin wall regime.
On the other hand, for a ; «2 << 1 (thermally thick wall
regime), the heat convected from the condensed � uid is ex-
tremely important, and the longitudinal heat conduction
through the wall can be neglected. The main objective of this
work is to evaluate the longitudinal heat conduction through
the solid in the thermally thin wall regime (a /«2 >> 1). lw and
lc represent the thermal conductivity of the solid and con-
densed � uid, respectively; g is a nondimensional still unnamed
parameter10; Ja corresponds to the suitable Jakob number and
represents the ratio of the sensible heat energy absorbed by
the liquid to the latent heat of the liquid during condensation;
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Fig. 1 Behavior of D1(1) as a function of «.

cc is the speci� c heat capacity; Prc is the Prandtl number
Prc = ncrccc/lc, of the condensed � uid; hfg is the latent heat of
condensation; Ku represents the Kutateladse number11 Ku =
hfg/ccDT with DT = Ts 2 T0; and nc represents the kinematic
viscosity of the condensed � uid.

The overall Nusselt number is given by

1
1 ­u 4c 3Nu = dx [ D (1) (4)E UD ­h 3c0 h =0c

Here, uc = (Ts 2 Tc)/(Ts 2 T0), hc = y/dc, with Tc denoting the
temperature in the condensed � lm. The most important param-
eter to be obtained in this work is D(1) or the corresponding
overall Nusselt number, which is related to the total nondi-
mensional condensing rate.

III. Asymptotic Analysis
For the thermally thin wall regime, the nondimensional tem-

perature change in the transversal direction in the wall is very
small. Thus, the longitudinal heat conduction is important, but
the corresponding longitudinal temperature gradients cannot be
large, because the boundary condition at the left surface of the
plate is uniform. Therefore, in the asymptotic limit of a ® `,
the nondimensional temperature at the wall is exactly unity
everywhere in the plate, and employing the second equation
in Eq. (1) with uw = 1, we obtain the classical Nusselt’s so-
lution for the nondimensional thickness of the condensed
phase. In this case, the thermally thick and thin wall approx-
imations give similar results. However, for � nite values of
a /«2, the solutions diverge slightly, as shown next.

Without inclusion of the longitudinal heat conduction
through the plate, Eqs. (1) can be considerably reduced, ob-
taining

D
u = 1 2 (1 2 u )z, u =w r r 2« /a 1 D

(5)
24 «4 3D 1 D = x

3 a

where ur represents the nondimensional temperature at the
right surface of the plate. The asymptotic solution at x = 1 for
large values of a /«2 is given by

22 21 « «
D(1) ; 1 2 1 2 S D3 a a

(6)
22 24 « «

Nu ; 1 2 1 2S D S D3 a a

However, in the thermally thin wall regime (a /«2 >> 1), the
longitudinal heat conduction term must be retained in a layer
of order « in x. The reduced inner variables in this layer
can be de� ned by x = «j, uw = 1 2 §, and D =7/4(« /a)

. The universal inner problem to be1/4 1/4 7/4« [j 2 (« /a)D ]1
solved is then

2 2 3/4­ § ­ § d(j D ) §1
1 = 0, = (7)2 2­j ­z dj 4

with the following boundary conditions:

­§
= 0, D = 0 at j = 0, § ® 0 for j ® ` (8)1

­j

­§ 1
§ = 0 at z = 0, = at z = 1 (9)1/4­z j

The overall reduced Nusselt in this limit takes the form

24 3 «
Nu = 1 2 D (1)1F G3 4 a

2 1/«2« 1
1 2 where D (1) = § dj (10)1S D E3/4a 4j 0

Using the Fourier cosine transform technique for Eqs. (7– 9),
the temperature at z = 1 is given by

`

2 3 3p tanh(k)cos(kj )
§(j, z = 1) = G cos dk (11)S D S D E 7/4p 4 8 k0

where G(m) represents the gamma function. For large values
of j, the asymptotic solution is given by

1/4§(j, z = 1) ; (1/j ) as j ® ` (12)

The value of D1(«) is a relatively smooth function of «, as
shown in Fig. 1. For very small values of «, the solution tends
asymptotically to that given by the thermally thick wall ap-
proximation.

IV. Conclusions
From Eqs. (6) and (10), we have almost the same depen-

dence of «2/a on the value of D(1). However, there is a slight
but � nite difference for values of « > 0.1. Thus, the in� uence
of the longitudinal heat conduction, in a � rst approximation,
is weak. The difference comes from the dependence of D1(1)
vs « in the limit of the thermally thin wall regime, as seen in
Fig. 1. From this � gure, we conclude that for any value of «,
the Nusselt number is larger than that obtained using the ther-
mally thick wall approximation, for � xed values of a. This
means that the total amount of condensate is larger when con-
sidering the longitudinal heat conduction effects. In both cases,
we recover the classical Nusselt solution of uniform temper-
ature of the plate for a ® `.
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